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Abstract

The goal of our present paper is to deliberate *-conformal n-Ricci soliton within
the framework of Kenmotsu manifolds. Here we show that a Kenmotsu metric as a
x-conformal n-Ricci soliton is Einstein metric if the soliton vector field is contact.
Further, we evolve the characterization of the Kenmotsu manifold or the nature of
the potential vector field when the manifold satisfies gradient almost x-conformal n-
Ricci soliton. Next, we contrive x-conformal n-Ricci soliton admitting («, u)’-almost
Kenmotsu manifold and prove that the manifold is Ricci flat and is locally isometric to
H"*!(—4) x R". Finally we construct some examples to illustrate the existence of s-
conformal n-Ricci soliton, gradient almost x-conformal n-Ricci soliton on Kenmotsu
manifold and (k, u)’-almost Kenmotsu manifold.
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1 Introduction

In modern mathematics, the methods of contact geometry has broad applications
in physics, e.g. geometrical optics, classical mechanics, thermodynamics, geometric
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quantization, integrable systems and to control theory. Contact geometry has evolved
from the mathematical formalism of classical mechanics.

The first part of the introduction follows from [15]. In 1969, S. Tanno [22] classified
the connected almost contact metric manifolds whose automorphism groups have
maximal dimensions as follows.

i) Homogeneous normal contact Riemannian manifolds with constant ¢-
holomorphic sectional curvature if k(¢, X) > 0;
ii) Global Riemannian product of a line or a circle and a Kdhlerian manifold with
constant holomorphic sectional curvature if k(¢, X) = 0O;
iii) A warped product space R x s N, where R is the real line and N is a Kihlerian
manifold, if k(¢, X) < O;

where k(&, X) denotes the sectional curvature of the plane section containing the
characteristic vector field £ and an arbitrary vector field X.

In 1972, K. Kenmotsu in [15] obtained some tensor equations to characterize the
manifolds of the third class using the warping function f(z) = ce’ on the interval J =
(—e, €). Since then the manifolds of the third class were called Kenmotsu manifolds.
Conversely, every point on a Kenmotsu manifold has a neighbourhood which is locally
a warped product J x y N, where f is given by the above mentioned relation.

A pseudo-Riemannian manifold (M, g) admits a Ricci soliton which is a general-
ization of Einstein metric (i.e, S = ag for some constant a) if there exists a smooth
vector field, V and a constant, A such that the following relation hold,

1

where Ly denotes Lie derivative along the direction V and S denotes the Ricci cur-
vature tensor of the manifold. The vector field V is called potential vector field and A
is called soliton constant.

The Ricci soliton is a self-similar solution of the Hamilton’s Ricci flow [12] which
is defined by the equation % = —2 S(g(¢)) with initial condition g(0) = g where
g(t) is a one-parameter family of metrices on M. The potential vector field, V and
soliton constant, A play vital roles while determining the nature of the soliton. A soliton
is said to be shrinking, steady or expanding according as A < 0, A = O or A > O.
Now if V is zero or Killing then the Ricci soliton reduces to Einstein manifold and
the soliton is called trivial soliton.

A Ricci soliton is called a gradient Ricci soliton if the potential vector field V is
gradient of a smooth function f, denoted by Df and the soliton equation reduces to,

Hessf +S+1g =0,

where Hessf is Hessian of f. Perelman [16] proved that a Ricci soliton on a compact
manifold is a gradient Ricci soliton.

In 2005, A. E. Fischer [11] has introduced conformal Ricci flow which is a mere
generalisation of the classical Ricci flow equation that modifies the unit volume con-
straint to a scalar curvature constraint. The conformal Ricci flow equation was given
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by,

d
% o (54 €)=

at
r(g) =—1,

where r(g) is the scalar curvature of the manifold, p is scalar non-dynamical field
and n is the dimension of the manifold. Corresponding to the conformal Ricci flow
equationin 2015, N. Basu and A. Bhattacharyya [1] introduced the notion of conformal
Ricci soliton equation as a generalization of Ricci soliton equation given by,

2
Evg+25+|:2)\—<p+;>}g=0.

In 2009, J. T. Cho and M. Kimura [3] introduced the concept of n-Ricci soliton
which is another generalization of classical Ricci soliton and is given by,

Leg +25+20g+2un®n =0,

where p is areal constant, 1 is a 1-form defined as n(X) = g(X, &) forany X € yx(M).
Clearly it can be noted that if # = 0 then the n-Ricci soliton reduces to Ricci soliton.

Recently Md. D. Siddiqi [18] established the notion of conformal 5n-Ricci soliton
which generalizes both conformal Ricci soliton and n-Ricci soliton. The equation for
conformal n-Ricci soliton is given by,

2
ng+2S+[2A—(p+;>]g+2,un®n=0.

After the introduction of *-Ricci tensor $* by Tachibana [21] in 1959, defined by
S*(X,Y) = %(trace{q‘) - R(X, ¢Y)}), for all vector fields X and Y on M, where
¢ is a (1, 1)—tensor field, in 2014, Kaimakamis and Panagiotidou [14] modified the
definition of Ricci soliton and defined *-Ricci soliton where they have used *-Ricci
tensor in place of Ricci tensor. They have used the concept of *-Ricci soliton within
the framework of real hypersurfaces of a complex space form.

In 2019, S. Roy et al. [20] defined x-conformal n-Ricci soliton as,

2
£gg+25*+[2k—<p+;>i|g+2/u7®n=0.

As per the authors knowledge, the results concerning *-conformal n-Ricci soliton
were studied when the potential vector field V is the characteristic vector field £.
Motivated from this we generalize the definition by considering the potential vector
field as arbitrary vector field V and define as,

£vg+2S*+|:2)»—< )}g—i—Z,un@n:O, (1.1)

P o)
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where we considered the manifold as (2n + 1)-dimensional. Now if we consider the
potential vector field V as the gradient of a smooth function f, then the x-conformal
n-Ricci soliton equation can be rewritten as,

p 1
H S* A—|l=4+— =0, 1.2
essf + +[ (2+(2n+1)>]g+un®n (1.2)

and is called gradient *-conformal n-Ricci soliton. By gradient almost *-conformal
n-Ricci soliton we mean gradient x-conformal n-Ricci soliton where we consider A
as a smooth function.

It is worthy to mention that Sharma [19] first initiated the study of Ricci solitons in
contact geometry. However, Ghosh [9] is the first to consider 3-dimensional Kenmotsu
metric as a Ricci soliton. After that Kenmotsu manifold is studied on many context
of Ricci soliton by many authors like: Célin and Crasmareanu [2], Ghosh [10], Wang
[24] etc. x-conformal n-Ricci soliton and some special cases of the soliton have been
considered by many authors in [6, 17] etc. In [23], authors have considered *-Ricci
solitons and gradient almost *-Ricci solitons on Kenmotsu manifolds and obtained
some beautiful results. They have proved that if a 3-Kenmotsu manifold admits a *-
Ricci soliton, then the manifold is of constant negative curvature — 1. They also get that
if an n-Einstein Kenmotsu manifold of dimension > 3 admits a x-Ricci soliton then the
manifold becomes Einstein. For the Kenmotsu manifold possessing a gradient almost
x-Ricci soliton they come up with: either the manifold is Einstein or the potential
vector field is pointwise collinear with the characteristic vector field on some open
set of the manifold. Being motivated from the well acclaimed results we consider
x-conformal n-Ricci soliton and gradient almost *-conformal n-Ricci soliton in the
framework of Kenmotsu manifolds.

The paper is organized as follows: in the second section, the basic definitions
and facts about contact metric manifolds, Kenmotsu manifolds and («, n) -almost
Kenmotsu manifolds are given. In the later section, we consider Kenmotsu metric
as *-conformal n-Ricci soliton and gradient almost *x-conformal n-Ricci soliton and
obtain the following results,

i. If the metric g of a Kenmotsu manifold represents a x-conformal n-Ricci soliton
and if the soliton vector field V is contact, then V is strictly infinitesimal contact
transformation and the manifold is Einstein.

ii. If the metric of a Kenmotsu manifold represents a gradient almost x-conformal 7-
Ricci soliton then either the manifold is Einstein or there exists an open set where
the potential vector field V is pointwise collinear with the characteristic vector
field &.

We also provide some examples to support our findings in that section. In the next
section we consider (k, —2)'-almost Kenmotsu metric as x-conformal n-Ricci soliton
and we prove the following result,

iii. If we let the metric of (k, —2)'-almost Kenmotsu manifold with ¥ < —1 to rep-

resent *-conformal n-Ricci soliton satisfying p # 21 4+ 2u — —2_ then, M is

Qn+1y°
Ricci-flat and is locally isometric to H L (—4) x R",
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At the end of this section, we also furnish an example of a (x, —2)'-almost Kenmotsu
manifold with k < —1 which satisfies *-conformal n-Ricci soliton. The last two
sections come up with conclusion and acknowledgements, respectively.

1.1 Physical motivation

The notion of x-conformal n-Ricci soliton is replaced by conformal n-Ricci soliton
as a kinematic solution in fluid space-time, whose profile develop a characterization
of spaces of constant sectional curvature along with the locally symmetric spaces. *-
conformal n-Ricci soliton is a new notion not only in the area of differentiable manifold
but in the area of mathematical physics, quantum cosmology, quantum gravity, Black
hole as well. It expresses a geometric and physical applications with relativistic viscous
fluid space-time admitting heat flux and stress, dark and dust fluid general relativistic
space-time, radiation era in general relativistic space-time. Conformal n-Ricci soliton
and x-conformal n-Ricci soliton have applications in the renormalization group (RG)
flow of a nonlinear sigma model. We can review the concept of a x-conformal n-Ricci
soliton to discuss the RG flow of mass in 2-dimensions. x-conformal n-Ricci soliton is
important as it can help in understanding the concepts of energy or entropy in general
relativity. This property is the same as that of heat equation due to which an isolated
system loses the heat for a thermal equilibrium.

As an application to cosmology and general relativity by investigating the kinetic
and potential nature of relativistic space-time, we can present a physical models of
3-class namely, shrinking, steady and expanding of perfect and dust fluid solutions of
x-conformal n-Ricci solitons space-time. The first case shrinking (A < 0) which exists
on a maximal time interval —oco < t < b where b < oo, steady (A = 0) which exists
for all time or expanding (A > 0) which exists on maximal time interval a < ¢ < oo
where a > —oo. These three classes give examples of ancient, eternal and immortal
solutions, respectively. By [8, 26] (briefly discussed in the above), we can think more
about physical applications of x-conformal n-Ricci soliton.

2 Notes on contact metric manifolds

By [5], a differentiable manifold M of dimension (2n + 1) is said to has an almost
contact structure or (¢, &, ) structure if M admits a (1, 1) tensor field ¢, a vector field
&, a 1-form n satisfying

P’ =—-1+1®E, 2.1)
né) =1, (2.2)

where [ is the identity mapping. Generally, £ and n are called characteristic vector
field or Reeb vector field and almost contact 1-form respectively.A Riemannian metric
g is said to be compatible metric if it satisfies,

g@X,¢Y) = g(X,Y) —n(X)n(Y), (2.3)
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for arbitrary vector fields X and ¥ on M. A manifold having almost contact structure
along with compatible Riemannian metric is called almost contact metric manifold.

In a almost contact metric manifold (M, ¢, &, n, g) the following conditions are
satisfied,

P& =0, (2.4)

no¢ =0, (25)
8(X, &) = n(X), (2.6)
8(9X.Y) = —g(X, ¢Y), 27

for arbitrary X, Y € x (M), where x (M) denotes the set of all vector fields on M. The
normality of an almost contact structure is equivalent to the vanishing of the tensor
Ny = [¢, ¢] + 2dn ® &, where [¢, ¢] is the Nijenhuis tensor of ¢ (for more details
we refer to [5]).

Definition 2.1 On an almost contact metric manifold M, a vector field X is said to be
contact vector field if there exist a smooth function f such that Lx& = f&.

Definition 2.2 On an almost contact metric manifold M, a vector field X is said to be
infinitesimal contact transformation if Lxn = fn, for some function f. In particular,
we call X as a strict infinitesimal contact transformation if Lxn = 0.

2.1 Kenmotsu manifold

We define the fundamental 2-form & on an almost contact metric manifold M by
D(X,Y) = g(X, ¢Y) for arbitrary X,Y € x(M). We recall from [13], an almost
Kenmotsu manifold is an almost contact metric manifold where 5 is closed, i.e.,dn = 0
and d® = 2n A ®. A normal almost Kenmotsu manifold is called Kenmotsu manifold.

By [5] if in a almost contact metric manifold M the 1-form 5 and the (1,1)-tensor
field ¢ satisfy the following condition for arbitrary X, Y € x (M),

(Vxp)Y =g(oX,Y)§ —n(Y)9X, 2.8)

where V denotes the Riemannian connection of g, then the manifold M is called a
Kenmotsu manifold. It is easy to verify that the above mentioned relation is equivalent
with the normality condition of the manifold.

In Kenmotsu manifold of dimension (2n + 1) the following relations hold [23],

Vx§ = X —n(X)§, 29
(VxmY = g(X,Y) —n(X)n(¥), (2.10)
R(X,Y)E = n(X)Y —n(V)X, (2.11)
S(X,§) = —2nn(X), (2.12)
Leg(X, Y) =2g(X,Y) = 2n(X)n(Y), (2.13)
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for arbitrary X,Y,Z, W € x(M), where L is the Lie derivative operator, R is
Riemannian curvature tensor and S is the Ricci tensor.

An (2n+1)-dimensional Kenmotsu metric manifold is said to be n-Einstein Ken-
motsu manifold if there exists two smooth functions a and b which satisfy the following
relation,

SX,Y)=ag(X,Y)+bn(X)n(), (2.14)

forall X, Y € x(M). Clearly if b = 0, then n-Einstein manifold reduces to Einstein
manifold. Moreover, if in addition a = 0, then the manifold becomes Ricci flat. Now
considering X = £ in the last equation and using (2.12) we have, a + b = —2n.
Contracting (2.14) over X and Y we get, r = (2n + 1)a 4+ b where r denotes the
scalar curvature of the manifold. Solving these two we have, a = (1 + 5.) and
b=—-2n+1+ 2r—n). Using these values, we can rewrite (2.14) as,

r r
S(X.Y) = (1 n §> e(X,Y) — (2n +1+ E) n(X)n(Y). (2.15)

2.2 (k, 1)’-almost Kenmotsu manifold

On an almost Kenmotsu manifold, we consider two (1,1)-type tensor fields 4 = l£g¢>
and i/ = ho¢. The tensor fields & and &’ play vital role in almost Kenmotsu manifold.
Both of them are symmetric and satisfy the following relations,

Vx§ = X —n(X)§ +h'X, (2.16)
hg =h'E =0, (2.17)
h¢ = —¢h,

tr(h) =tr(h') =0, (2.18)

for any X,Y € x(M), where V is the Levi-Civita connection of the metric g. In
addition, the following curvature property is also satisfied,

R(X,Y)E =n(X)(Y +RH'Y) —n(Y)(X +1'X) + (Vxh)Y — (Vyh)X, (2.19)

where R is the Riemannian curvature tensor of (M, g).

By (k, u)’-almost Kenmotsu manifold we mean almost Kenmotsu manifold where
the characteristic vector field & satisfies the («, ) -nullity distribution (for details see
[7]),i.e.,

R(X,Y)E = k(m(Y)X = n(X)Y) + u(m(¥)h'X — n(X)h'Y), (2.20)

forany X, Y € yx (M), where k and 1 are real constants. On a («, 1)’ -almost Kenmotsu
manifold M, we have (see Lemma 4.2 of [7])

R2(X) = —(k + DX — n(X)&], (2.21)
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and using (2.1), (2.18) and (2.16) in the last equation, we obtain
h*(X) = —(c + DIX — n(X)&], (2.22)

for X € x(M). From previous relation it follows that /" = 0 if and only if x = —1
and b’ # 0 otherwise. Let X € Ker(n) be an eigenvector field of &’ orthogonal to
& w.rt. the eigenvalue «. Then, from (2.21) we get a2 = —(k + 1) which implies
k < —1. Dileo and Pastore proved that on a (x, )’-almost Kenmotsu manifold with
Kk < —1, we have u = —2 (Proposition 4.1 of [7]). Since the same symbol u is
used in the coefficient of n ® 71 in the definition of x-conformal n-Ricci soliton and
in («, )’ -almost Kenmotsu manifold, so to reduce the complications in notations we
use (k, —2)'-almost Kenmotsu manifold throughout this paper.

Now, we recall some useful properties of a (2n + 1) dimensional («x, —2)’-almost
Kenmotsu manifold M with ¥ < —1. Using (2.17) and (2.20), we acquire

R(E, X)Y =k (g(X,Y)E —n(Y)X) — 2(g(W'X, Y)§ — n(Y)h'X) (2.23)
(VxmY =g(X,Y) —n(X)n(¥) + g(h'X, Y), (2.24)

and from Lemma 3.2 of [25], we get

0X =—2nX +2n(k + DHn(X)§ — 2nh'(X), (2.25)
r =2n(k — 2n), (2.26)

where X,Y € x(M), Q, r are the Ricci operator and scalar curvature of M
respectively.

3 %-Conformal 77-Ricci soliton on Kenmotsu manifold

In this section we consider that the metric g of a (2n 4+ 1)-dimensional Kenmotsu
manifold represents a x-conformal -Ricci soliton and a gradient almost *-conformal
n-Ricci soliton. We recall some important lemmas relevant to our results.

Lemma 3.1 [23] The Ricci operator Q on a (2n + 1)-dimensional Kenmotsu manifold
satisfies

(VxQ)E = —0X — 2nX, 3.1
(V: Q)X = —20X — 4nX, (3.2)

for arbitrary vector field X on the manifold.

Lemma 3.2 [23] The %-Ricci tensor S* on a (2n + 1)-dimensional Kenmotsu manifold
is given by,

S*X,Y) = S(X,Y)+ 2n — Dg(X, Y) + n(X)n(Y), (3.3)
for arbitrary vector fields X and Y on the manifold.
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Theorem 3.3 Let M@tV (¢, &, 0, g) be a Kenmotsu manifold. If the metric g repre-
sents a x-conformal n-Ricci soliton and if the soliton vector field V is contact, then V
is a strictly infinitesimal contact transformation and the manifold is Einstein.

Proof Since the metric g of the Kenmotsu manifold represents a x-conformal n-Ricci
soliton, both of the Eqgs. (1.1) and (3.3) are satisfied. Combining these two equations,
we have

(Evg)(X,Y):—ZS(X,Y)—<2A—p— +4n—2>g(X, Y)

2
Cn+1
—2(u+ Dn(X)n(Y). 3.4

Taking covariant derivative along an arbitrary vector field Z and using (2.10), we
achieve

(VzLyg)(X,Y) ==2(VzS)(X,Y) = 2(n + D{g(X, Z)n(¥)
+ &Y, Z)n(X) = 2n(X)n(¥)n(2)}, (3.5

forall X, Y, Z € x(M).From Yano [27], we have the following commutation formula

(LyVzg —VzLyg — Vv 2119)(X,Y) =—g((LyV)(X, 2),Y)
- g((LyW)(Y, 2), X),

where g is the metric connection i.e., Vg = 0. So, the above equation reduces to,
(VzLyg)(X,Y) = g((LvV)(X,2),Y) + g(Ly V)Y, Z), X), (3.6)

for all vector fields X, Y, Z on M. Combining (3.5) and (3.6) and by a straightforward

combinatorial computation and using the symmetry of (Ly V), the foregoing equation

yields

gLy V)(X,Y), Z) = (Vz8)(X,Y) = (VxS (Y, Z) — (VyS)(Z, X)
—2(k + Dfg(X, Y)n(Z2) — n(X)n(Y)n(2)}, (3.7

for arbitrary vector fields X,Y and Z on M. We use (3.1) and (3.2) in the foregoing
equation to infer
(LyV)(X,§) =20X +4nX, (3.8)

forall X € x(M). Now differentiating covariantly this with respect to arbitrary vector
field Y, we get

(VyLyV)(X,8) =2(Vy Q)X — (Ly)(X, Y) + n(Y)20X +4nX).  (3.9)

We know that, (Ly R)(X,Y)Z = (VxLyV)(Y, Z) — (VyLyV)(X, Z). Using (3.9)
in the previous relation, we have
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(LyR)(X,Y)E =2{(Vx Q)Y — (VY Q) X} + 2n(X)(QY + 2nY)
—2n(Y)(QX + 2nX), (3.10)

for arbitrary vector fields X and Y on M. Setting Y = & in the aforementioned equation
and using (2.12), (3.1) and (3.2), we acquire

(LvR)(X, )& =0. (3.11)

Now, taking (3.4) in account, the Lie derivative of g(&, &) = 1 along the potential
vector field V gives rise to,

P 1
L =A—-=—-— . 3.12
n(Lvé) 2 (2n+1)+,u (3.12)
Setting Y = £ and using (2.2) and (2.6), the equation (3.4) yields
L X—-9(X,L = — =21 -2 X), 3.13
(LyvmX —g(X, Lv§) (p+ D u) n(X) (3.13)

which holds for arbitrary vector field X on M. From (2.11), we have R(X, )¢ =
n(X)& — X. Taking Lie derivative along the potential vector field V and taking (3.12)
and (3.13) in account, this reduces to

(LyR)(X,8)§ = <2K+2M—p— )(X—rl(X)é), (3.14)

_2
2n+1)

for all X € x(M). Finally, comparing (3.11) with (3.14), we have 2A +2u — p —
ﬁ)(X — n(X)&) = 0. Since this holds for arbitrary X € y (M), we obtain

p 1
A==4+ ——
2+(2n+1)

“w. (3.15)
Using the relation (3.15) in (3.12), we easily obtain n(Ly&) = 0. Since we have
considered the potential vector field V as contact vector field, so, there must exists
a smooth function f such that Ly& = f&. Making use of this in (3.12), we get
f=ir— g - (2n+1) + . Therefore by using the relation (3.15) we get f = 0 and
thus Ly & = 0. Finally the Eq. (3.13) reduces to,

Lyn=0. (3.16)

So, V is a strictly infinitesimal contact transformation.
According to Yano [27], (LyV)(X,Y) = Ly VxY — VxLyY — Vv x7Y. Setting
Y = & and using (2.9), Ly& = 0 and (3.16), we get (Ly V) (X, &) = 0. Substituting
this in (3.8), we finally obtain QX = —2nX VX € x(M). This proves our result. O
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x-conformal n-Ricci soliton is a mere generalisation of conformal *-Ricci soliton
where we consider £ = 0 in (1.1) to get conformal *-Ricci soliton equation. We can
rewrite the above theorem as:

Corollary 3.4 Let M@tV (¢, £, 1, g) be a Kenmotsu manifold. If the metric g repre-
sents a conformal *-Ricci soliton and if the soliton vector field V is contact, then V is
a strictly infinitesimal contact transformation and the manifold is Einstein.

Example 3.1 Letus consider the set M = {(x, y, z, u, v) € RS} as our manifold where
(x, v, z, u, v) are the standard coordinates in R5. The vector fields defined below,

_, 0 _ _ _
ep=e '—, e=e¢'—, e3=e '—, ep=e'—, e5=—
ax ay 0z ou av

are linearly independent at each point of M. We define the metric g as

1, ifi=jandi,je{l, 2,5}
glei,ej)) =13—1, ifi=jandi,je{3,4}
0, otherwise.

Let n be a 1-form defined by n(X) = g(X, es), for arbitrary X € x (M). Let us define
(1,1)-tensor field ¢ as,

ple1) =e3, P(ex) =eq, Plez) =—e1, ¢Ples) =—ex, ¢Ples)=0.

Then the relations (2.1), (2.2) and (2.3) are satisfied for & = es. So, (¢, &, 1, g) defines
an almost contact structure on M.
We can now deduce that,

le1,e2] =0 le1,e3]1 =0 le1,e4] =0 [e1, es] = ey
[e2,e1]1 =0 [e2,e3]1 =0 [e2,ea] =0 [e2, es] = e2
[ez,e1] =0 [es, e2] =0 les, ea] =0 [e3, es] = e3
les, e1] =0 les, e2]1 =0 les, e3]1 =0 lea, es] = e4
les, e1] = —eg [es, e2] = —en les, e3] = [es, e4] = —ey.

Let V be the Levi-Civita connection of g. Then from Koszul's f ormula for arbitrary
X,Y,Z € x(M) given by,

28(VxY, Z2) = X(@g(Y,2))+Y(g(Z, X)) - Z(g(X,Y)) — g(X, [Y, Z])
-8, [X,Z) +¢(Z,[X, Y], (3.17)

we obtain,

Veer = —es  Vegea =0 Vee3 =0 Vees =0 Ve €5 = €
Ve,e1 =0 Ve,020 = —e5  Vee3 =0 Ve,e4 =0 Ve,e5 =€
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Vese1 =0 Ve,e2 =0 Vese3 = —e5  Veeq =0 Vese5 = €3
Ve4€1 =0 Ve4€2 =0 Ve4€3 =0 Ve4e4 = —é5 Ve4e5 = é4
Vese1 =0 Veser =0 Vese3 =0 Veseq =0 Veses = 0.

Therefore (2.8) is satisfied for any vector fields and the manifold becomes a Kenmotsu
manifold. The non-vanishing components of curvature tensor are,

R(ey, e2)er = —ey R(ey, e3)e3 = —ey R(ey, eq)eq = —ey

R(ey, es)es = —ey R(e1,ex)e1 = e R(ey,e3)e1 = e3

R(ey, e4)e1 = ey R(e1, e5)e; = es R(ez, e3)er = e3

R(ez, eq)er = ey R(ez, e5)er = es R(ez, e3)e3 = —en

R(ez,eq)eq = —e2 R(ez, e5)es = —en R(e3, eq)ez = ey

R(e3, es)ez = es R(e3, e4)eq = —e3 R(e4, es5)eq = e5

R(es, e3)es = e3 R(es, eq)es = eq.
Now from the above results, we have S(e;, ¢;) = —4 fori =1,2,3,4,5 and,

S(X,Y) = —4g(X,Y) VX,Y € x(M). (3.18)

Contracting this, we have r = Z?:l S(ej,e;) = —20 = —2n(2n + 1), where

dimension of the manifold 2n + 1 = 5. Also, we have

-1, ifi=1,2,3,4
S* ep) = ) 9~y Iy
(er, &) 0, ifi=5.
and, r* = r +4n% = =20 + 16 = —4. So,
S*(X,Y) = —g(X, ¥) + n(X)n(Y) VX, Y € x(M). (3.19)

Now we consider a vector field V as,

14 9 + 0 + 9 + 0 + 0 (3.20)
=x— — —tu— + —. .
ox yay Z8z ou  Jv
Then from the above results we can deduce that,
(Lyve)(X,Y) =4{gX,Y) —n(X)nY)}, (3.21)

which holds for all X,Y € yx(M). From (3.19) and (3.21) we can conclude that g
represents a x-conformal n-Ricci soliton i.e., it satisfies (1.1) for potential vector field
V defined by (3.20), A = 5 — fand u = 1.
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Theorem 3.5 Let M@tV (¢, &, 0, g) be a Kenmotsu manifold. If the metric g repre-
sents a gradient almost x-conformal n-Ricci soliton then either M is Einstein or there
exists an open set where the potential vector field V is pointwise collinear with the
characteristic vector field §.

Proof Using (3.3) in the definition of gradient almost x-conformal n-Ricci soliton
given by Eq. (1.2), we get

1
)L_P

mp4>X—w+nmmg (3.22)

for any vector field X on M. Taking covariant derivative along arbitrary vector ¥ and
using (2.9), (2.10) we get,

1
P
2 @Qn+1)

VyVxDf =— (Vy Q)X — Q(VyX) —Y(M)X — <
+2n — 1) (VyX) — (u+ D{g(X, Y)§ — 2n(X)n(Y)&
+n(VyX)é +n(X)Y}. (3.23)

Applying this in the expression of Riemannian curvature tensor, we get

R(X,Y)Df = (VyQ)X — (VxQ)Y + Y (WX — X(WY
—(n+ D{n(¥)X —n(X)Y}. (3:24)

Moreover, an inner product with £ and use of (3.1) and (3.2) yields,
g(R(X,Y)Df,§) =Y(M)n(X) — X()n(Y), (3.25)

for X, Y € x(M). Furthermore, the scalar product of (2.11) with the potential vector
field Df gives,
g(R(X,Y)Df, &) =n(X)X(f) —n(X)Y(f), (3.26)

for arbitrary X and Y on M. Comparing (3.25) with (3.26) and setting ¥ = &, we
acquire X (f + A) = £(f + A)n(X). From this we obtain,

d(f +2) =&(f +Mn. (3.27)

So, (f + A) is invariant along the distribution Ker(n) i.e., if X € Ker(n) then
X(f+10)=d(f+10)X=0

Now, if we take the inner product w.r.t. an arbitrary vector field Z, after plugging
X = £ in (3.24), we get

gRE,Y)Df,Z)=SY,Z2)+ 2n—-E0) +pn+ Dg(Y,Z2) +Y(M)n(Z)
— (u+ Dn(X)n(2). (3.28)
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Again from (2.11), we can easily obtain for arbitrary vector fields Y and Z on M,

g(R(E.Y)Df. Z) =&(f)g(Y. Z) = Y(fIn(2). (3.29)

Comparing the Egs. (3.28) and (3.29) and using (3.27), we obtain

SY,2) ={&(f+1)—n—2n-1}Y, Z) —{&(f + 1) —pn—1}In(¥)n(2). (3.30)

Since the above equation holds for arbitrary Y and Z, so the manifold is n-Einstein.
Now contracting (3.30), we obtain

S(f+/\)=%+u+2n+2. (3.31)

Plugging this in (3.30), we acquire
r r
S(Y,7) = (— + 1) oY, Z) — (— +on+ 1) n(V)n(2),
2n 2n

for arbitrary vector fields ¥ and Z on M which is exactly same as (2.15). Now
contracting X in (3.24), we achieve

1
S(Y. Df) = 5¥ (1) +2n¥ () = 2 + Dn(¥), (3.32)

which holds for any Y € x (M). Now, comparing this with (2.15), we obtain

(r+2n)Y(f) — (r +2nQ2n + D)n(Y)§(f) — nY(r)
—4n%Y (\) + 4n*(u + DY) =0, (3.33)

for all Y € x(M). Now, setting ¥ = & and then using (3.31), we easily obtain the
relation
E(r) = =2(r +2n(2n + 1)). (3.34)

Since d? = 0 and dn = 0, from (3.27) we obtain dr A n = 0 i.e., dr(X)n(Y) —
dr(Y)n(X) = 0 for arbitrary X, Y € x(M). After considering ¥ = & and using
(3.34), itreduces to X (r) = —2(r +2n(2n+1))&. Since X is an arbitrary vector field,
so, we conclude that

Dr = =2(r +2n(2n + 1))&. (3.35)

Let X be a vector field of the distribution Ker(n). Then, (3.33) reduces to
(r+2n)X(f) —4n*X () = 0.
Using (3.27) and (3.31), we obtain (r +2n(2n+1)) X (f) = 0. From here we conclude,

(r+2n2n+1D)(Df —§(f)E) = 0.
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If r = —2n(2n + 1), then from (2.15), we get that the manifold is Einstein with
Einstein constant —2n.

Ifr # —2n(2n + 1) on some open set O of M, then Df = &£(f)& on that open set,
that is, the potential vector field is pointwise collinear with the characteristic vector
field &. O

If we let the coefficient of n®n in (1.2) to be zero then the soliton reduces to gradient
almost conformal *-Ricci soliton. The aforementioned result in the framework of
gradient almost conformal *-Ricci soliton can be stated as:

Corollary 3.6 Let MtV (¢, & 0, g) be a Kenmotsu manifold. If the metric g rep-
resents a gradient almost conformal x-Ricci soliton then either M is Einstein or the
potential vector field V is pointwise collinear with the characteristic vector filed & on
an open set on M.

Example 3.2 Letus considertheset M = {(x, y, z,u, v) € RS} as our manifold, where
(x,y, z, u, v) are the standard coordinates in R5. The vector fields defined below,

a
ey =v—, e =v—, e3 =v—, e4=v_—, €5 = —V_—
ax ay 0z au av

forms a linearly independent set of vector fields on M. We define the metric g as,

10000
01000
(gij)= 00100
00010
00001

We consider the Reeb vector field & = e5 then, the 1-form 7 is defined by n(X) =
g(X, es), for arbitrary X € yx (M) and we get n = dv. Let us define (1,1)-tensor field

¢ as,
ple1) = ez, P(er) =—e1, ¢Plez) =es, ¢Pleg) =—e3, Ples)=0.

Then relations (2.1), (2.2) and (2.3) are satisfied. So, (¢, &, n, g) defines an almost
contact structure on M.

Let V be the Levi-Civita connection of g. Then from Koszul’s formula, given by
(3.17), we have

Ve er =—es  Veea =0 Ve e3 =0 Ve es =0 Ve €5 = €]
Ve,e1 =0 Ve,0 = —es  Ve,e3 =0 Ve,e4 =0 Ve,e5 = e
Ve,e1 =0 Vese2 =0 Vese3 = —es5 Vees =0 Vese5 = e3
Ve,e1 =0 Ve,e2 =0 Ve,e3 =0 Vee4 = —e5 Vo5 =e4

Vese1 =0 Veseo =0 Vese3 =0 Veses =0 Veses = 0.
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Therefore, (2.8) is satisfied for arbitrary vector fields. So, M becomes a Kenmotsu

manifold. The non-vanishing components of curvature tensor are,

R(er, e2)er = —ey R(ey, e3)e3 = —e R(ey, eq)es = —e
R(e1, es)es = —ey R(e1, e2)e; = e2 R(er, e3)er = e3
R(ey, eq)e; = ey R(ey, es)e; = es R(ez, e3)er = e3
R(ez, eq)er = ey R(ez, e5)er = es R(ez, e3)e3 = —en
R(ez, eq)eq = —e2 R(ez, es)es = —en R(e3, eq)ez = ey
R(e3, es)e3 = es R(e3, eq)es = —e3 R(e4, e5)eq = es
R(es, e3)es = e3 R(es, eq)es = eq.

Now from the above results we have, S(e;, ¢;) = —4fori =1,2,3,4,5 and,

S(X,Y) = —4g(X,Y) VX,Y € x(M).

So, the manifold is Einstein. Also, we have,

-1, ifi=1,2,3,4

S* i e) =
@) =10 ifi—s.

and,

S*(X,Y)=—gX,Y)+n(X)n(¥) VX,Y € x(M).

Let f : M — R be a smooth function defined by,

2

v
f(x7y,Z,M,U):x2+y2+zz+u2+?.

Then the gradient of f, Df is given by,

0 0 0
27— +2u— —.
+ Z82+ uau—l—v

d 0
R, N
Ty ov

Df =2
/ xax ay

Then from the above results we can verify that,

(Lpre)(X,Y) =2{g(X, Y) = n(X)n(Y)},

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

which holds for all X, Y € x(M). From (3.37) and (3.40) we obtain that g represents
a gradient almost x-conformal n-Ricci soliton i.e., it satisfies (1.2) for V = Df, where

f is defined by (3.38), A = 4 + £ and yu = 0.
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4 %x-conformal n-Ricci soliton on (k, 1)’-almost Kenmotsu manifold
with K < -1

In this section, we consider the metric of a (k, —2)-almost Kenmotsu manifold where
k < —1 represents a x-conformal n-Ricci soliton. First we recall a pertinent result of
this manifold which is used in our result and we end this section with an example.

Lemma 4.1 [4] On a (x, —2) -almost Kenmotsu manifold with k < —1 the *-Ricci
tensor is given by

S'X,Y) = —(k + 2)(g(X. Y) — n(X)n(Y)), 4.1

for any vector fields X and Y.

Theorem 4.2 Let MtV (¢, &, 1, g) be an almost Kenmotsu manifold such that &
belongs to (x, —2) -nullity distribution where k < —1. If the metric g represents a
x-conformal n-Ricci soliton satisfying p # 2\ + 2u — (2nz—+1) then, M is Ricci-flat
and is locally isometric to H' 1 (—4) x R”.

Proof Combining (1.1) with (4.1), we get

2
(Lyvg)(X,Y) = (p +2 =20 +4+ —) g(X,Y) =2k +u+2)n(X)n(y),
@2n+1)
(4.2)

for all vector fields X and Y on M. Now taking covariant derivative of the foregoing
equation along arbitrary vector field Z and using (2.24), we have

(VzLyg)(X,Y) = =2(k + u+Dn(Y)g(X, Z) + n(X)g(Y, Z)
+0()gW'Z, X) +n(X)g(W' Z, Y) = 2n(X)n(¥)n(2)].

A straightforward combinatorial computation, use of (3.6) and the symmetry of (Ly V)
in the aforementioned equation infer

(LyV)(X,Y) = =2(k + 1 +2)[g(X, V) + g(h'X, Y) —n(X)n(V)]E,  (4.3)

for all X,Y € x(M). Replacing ¥ = £ and using (2.2), (2.5), (2.6) and (2.18), we
acquire
(LvV)(X, &) =0, (4.4)

for arbitrary vector field X on M. Now taking (2.16) and (4.3) into account and
differentiating (4.4) covariantly along an arbitrary vector field Y, we get

(VyLyV)(X, &) =20k + 1 +2)[g(X. ¥) =n(X)n(¥) +2g (W' X, ¥) + g (WX, Y)&

4.5)
for any vector fields X and Y on M. Again from Yano we have the well-known
curvature property, (Ly R)(X,Y)Z = (VxLyV)(Y, Z) — (Vy Ly V)(X, Z). Setting
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Z = & and using (4.5) repeatedly, we obtain
(LvR)(X,Y)§ =0, (4.6)

for arbitrary X,Y € x(M). Now taking lie derivative of (2.20) along the potential
vector field V, taking (2.2) and (2.17) into account, we achieve

(LvR)(X, )& = k[g(X, LyE)E —2n(LyvE)X — (LymX)E] + 2[2n(LvE)
WX — (X)W (Ly§) — g(W'X, LvE)E — (Lyh)X)], (4.7

for any vector field X on M. Plugging Y = £ in (4.2), we obtain

(LymX —g(X, Ly§) = (P—Z?»—2/L+ >77(X), 4.8)

2
2n+1)

forall X € x(M). Setting X = £ in the foregoing equation, we get

_ (P _,_ 1
n(Lyvé) = (2 A “+(2n+1))' (4.9)

With the help of (4.6), (4.8) and (4.9) we can rewrite the Eq. (4.7) as,

2 2 ,
IC(p—Z)\—z,bL-i-m)(X-ﬁ(X)é)—Z(p—Z)\—ZM-I-m)hx

—2n(X)h'(LyE) —2g(W' X, Ly&E)E —2(Lyh )X = 0. (4.10)

Taking inner product of the foregoing equation with an arbitrary vector field ¥ on M,
we obtain

2
(17 =20 = 2u+ an T 1)) [k (g(X,Y) —n(X)n(Y)) —2g(h'X,Y)]

—20(X)g(h'(LvE), Y) —2g(W'X, Ly&E)n(Y) — 2g((LyhHX,Y) =0. (4.11)

Since the above equation holds for any vector fields X and Y on M, by replacing X
by ¢ (X) and Y by ¢ (Y) and taking (2.5) into account, we get

<P —2A—2p+ > (kg(pX,pY)—28(WpX,pY)1-28((Lvh )X, pY)=0,

(4.12)
for all X,Y € x(M). Since spec(h’) = {0,a, —a}, let X and V belong to the
eigenspaces of —a and « denoted by [—a]" and [a]’ respectively. Then ¢ X € [a] (for

more details we refer to [7]). Then (4.12) can be rewritten as,

2
2n+1)

2 , _
(P —2A=2p+ D 1)) (k —20)8(@X, ¢Y) —28((Lvh)PX, pY) =0,
(4.13)
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for all X,Y € x(M). It is remained to find the value of g((Lyh")¢X, ¢Y). To
get this we prove a more generalized result: In a (k, u)’-almost Kenmotsu manifold
(Lxh")Y =0, where X and Y belong to same eigenspace.

Without loss of generality we assume that X,Y € [a] where spec(h’) =
{0, @, —a}. If we consider a local orthonormal ¢-basis as {&, ¢;, ¢e;},i = 1,2,...,n,
then

VxY = Zg(VXY, ei)ei — (@ + 1)g(X, Y)&,
i=1

and,

(Lxh)Y = Lx(W'Y) — K (LxY)
= a(LxY) —h'(LxY)
=a(VxY — VyX) — h'(VxY — Vy X)
=a(e+ DX, Y)§ —a(x + Dg(X,Y)§
=0.

Similarly we can prove that the above results hold good if X, Y € [—«] (for more
details we refer to [7]). Now, (4.13) reduces to,

2
—2A=2 — )k =2 X,¢Y)=0, 4.14
(p m+ ot 1))(K a)g(pX, ¢Y) (4.14)
for any vector fields X and Y on M. Since by hypothesis p # 2A + 2u — ﬁ,
from the foregoing equation we infer that k = 2«. Again form o?> = —(k + 1) we

get o = —1 and « = —2. Plugging the value of « in (4.1) we have $* = 0, i.e., the
manifold is Ricci-flat.

Again we get spec(h’) = {0, 1, —1}. From corollary 4.2 of [7] we get M is locally
symmetric. From proposition 4.1 of [7] we finally conclude that M is locally isometric
to H"t1(—4) x R", where H"t1(—4) is the hyperbolic space of constant curvature
—4. O

As we know, setting i = 0 in (1.1) gives rise to the equation of conformal *-Ricci
soliton, we can revisit the Theorem 4.2 and can note the statement as:

Corollary 4.3 Let M (¢, &, 1, g) be a 2n + 1)-dimensional almost Kenmotsu manifold
such that & blongs to (k, —2) -nullity distribution where k < —1. If the metric g
represents a conformal x-Ricci soliton satisfying p # 2A — ﬁ then, M is Ricci-flat

and is locally isometric to H' 1 (—4) x R".

Example 4.1 We consider the manifold as M = {(x, y,z) € R : y # 0}. We define
three vector fields e, > and e3 as,

5 a a n d
€1 = 7 e =, e3=2x———+ —.
I~ ox 2 dy 3 dx Jdy 0z
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Then the set {e], e2, e3} forms a linearly independent set of vector fields on M. We
define the metric g as

(gij) = dij Vi, je{l,2,3}.

Then it is easy to verify that {er, e2, e3} forms an orthonormal basis on M. Let the
1-form n be defined by n(X) = g(X, e3), for arbitrary X € x(M). Let us define
(1,1)-tensor field ¢ as,

¢(e1) = —ea, d(e2) = ey, ¢(e3) = 0.

Then the relations (2.1), (2.2) and (2.3) are satisfied for § = e3. So, (M, ¢,&,1, g)
defines an almost contact structure on M. We compute,

[e1,e2] =0, [e2, 3] =0, [e1, e3] = 2ey.

Let V be the Levi-Civita connection of g. Then from Koszul’s formula, given by (3.17),
we get

Velel = —263 V6162 =0 Vele3 = 261
Ve,e1 =0 Ve,e2 =0 Ve,e3 =0
Ve,e1 =0 Ve,e0 =0 Vese3 = 0.

Therefore it is easy to verify that the structure (M, ¢, &, n, g) is not Kenmotsu
manifold. Now let us define the operator /' as,

h'(e1) = e, W' (e2) = —e, W' (e3) = 0.

By straightforward computation, we have the components of curvature tensor as

R(er,ex)e; =0 R(e1, e)ex =0 R(e1, e2)e3 =0
R(ez, e3)e1 =0 R(ez,e3)er =0 R(ez,e3)e3 =0
R(ey, e3)e) = 4es R(ey,e3)ea =0 R(ey, e3)e3 = —4ey.

Now from the above results and taking (2.20) in account we conclude that the Reeb
vector field & belongs to the (x, —2)’-nullity distribution withx = —2. So, the manifold
is (=2, —2)’-almost Kenmotsu manifold.

Now from (4.1) we get S*(X,Y) =0 VX, Y € x(M). Now we consider a vector

field V as,
0

Then from the above results one can justify that,

(Lvg)er,er) =0 (Lvg)(er,e) =0 (Lvg)(es, e3) =0
(Lvg)(er,e) =0 (Lyg)(ez,e3) =0 (Lvg)(er,e3) =0.
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From here we can conclude that g represents a x-conformal n-Ricci soliton i.e., it
satisfies (1.1) for potential vector field V defined by (4.15), A = % + % and u = 0.

5 Conclusion

In this article, we have used the methods of local Riemannian geometry and we have
permeated Einstein metrics through a huge class of metrics, like x-conformal n-Ricci
solitons and almost x-conformal n-Ricci solitons on contact geometry, specially on
Kenmotsu manifold. Not only our results will play important and motivational role
in contact geometry but also there are further scopes of research in this direction
within the framework of various complex manifolds like Kahler manifold etc. From
our article, some questions arise spontaneously to study in further research:

(1) Is Theorem 3.3 true without assuming that the soliton vector field is contact?

(i1) Are the results of Theorem 4.2 true if the characteristic vector field & does not
belong to («, «)'-nullity distribution or if & belongs to (i, ) -nullity distribution
with k > —1?

(iii) Which of the results of our paper are also true for nearly Kenmotsu manifolds or
f-Kenmotsu manifolds?
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