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Abstract: we explored prime and semi-prime quasi-ideals in TGSRs and give its portrayal in this article. Likewise, we
demonstrate that a quasi-ideal P of a TGSR R will be R-prime &©KI'MI'L € P = K € P or M € P or L <P for any right
ideal K, medial ideal M and left ideal L of R.

Key words: Ternary gamma semi-ring, Quasi-ideals and Prime quasi-ideals.

INTRODUCTION AND PRELIMINARIES

A bi-ideal and semi ideal in ternary semi rings was presented by S. Kar [5] and got their properties. G. Srinivasa
Rao et.al [10-17] explored and studies such a great amount on ternary semi rings and requested ternary semi
rings. We explored by the designs of prime and semi prime semi standards in ternary gamma semi rings, in this
composition. For starters allude the references [10-17]. A non-void subset I of a ternary I'-semi-ring R is
supposed to be left (lateral, right) ternary I'-ideal of R, if (1) a, bel=a +bel (2)a beR,i€l, a, T
= aabfi€ | (aoifb €, iaafb €1).An optimal 1 is supposed to be ternary I'-ideal, in case it is left, medial and
right T-ideal of R. Leave R alone a TGS and ¢ # B < R. The set B said to be a bi-ideal (BI) of R in case S is

a TGSSR of R and BITRI'BI'RI'B € B. Every element in a TGSR R is an idempotent [12], then R is called
idempotent TGSR.

Suppose a €R, where R is a TGSR. Then the principal

(i) left ideal generated by a is given by <a>= {3, x; ay; fa + mal x;, yiER, m=1, 3, 5, ....,
and o, pe I'},

(ii) right ideal generated by a is given by <a>= {3, aax; By; + malx;, yieR, m=1, 3,5, ..,
and o, pe I'},

(iii) lateral ideal generated by a is given by <a>n={3, x;aaBy; + p; yq;6aur;vs; + malpi,
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Oi, Xi, Yi, M, Si€ER, m=1, 3,5, ....,a, B, y, 6, u, v €T}, wherez represents the finite
sum and is the set of all non-negative odd integers.

If for X, y, Z€R, o, BE T, xayfz= 0 =x= 0 or y= 0 or z= 0, then a TGSR R is known as zero divisor free. A
TGSR R is said have

(1 right cancellative w. r. t. ternary multiplication (RCM) if xaafb = yoafb = x =y

(ii) laterally cancellative under ternary multiplication (LLCM) if aoxfb = aayfib = x =y.

(iii) left cancellative with respect to multiplication (LCM) if aabfx = aabfy =x =Y.

A TGSR R is called cancellative w. r. t. multiplication (CM) if it is LCM, RCM, and LLCM. A cancellative w.
r. t. multiplication (CM) TGSR R is Zero divisor free. A TGSR R with at least 2 elements is known as
(TDGSR) ternary division gamma semi ring if 0 #a of R, 30 #b € R, a, B € I aabfx = baafx = xaafb =
xoabfa =aaxpb = boxfia = xfor all x €R.

PRIME QUASI-IDEALS IN TERNARY GAMMA SEMIRINGS (TGSRS)

Def. 2.1: A quasi-ideal (Q1){0} # B € R of a TGSRR is prime if B;I'B,I'B;cB=B,CB or B,SB or B;SBfor
any quasi-ideals B1,B; and B3 of R. AQIB #R of R is semi-prime if Bi1I'BiI'Bic B=B; c Bfor any QIB; of R.

Note2.2: A prime quasi-ideal (PQI) of a TGSRR is a semi-prime quasi-ideal (SPQI) of R. But every SPQI need
not be PQI of R. This can be observed in the following example.

x 0
0 0

Z\N}. Then X, a SPQI of R. But X is not a PQI of R, since P = {[g %)'] 1y € Z\N}, Q= {[8 g] 1Z € Z\N}

Ex. 2.3: Let R =T = M2(Z\N), a TGSR of square matrices with 2" order over Z\N. Let X = { ]:x €

andS= 0 O:ueZNareQIsofRsuchthatPI‘QI‘S;XbutPgX,QgXandSQQX.
u 0

Def. 2.4: A QIP£R of a TGSRR s called weakly prime quasi-ideal (WPQI) if P AP <B,P < C and AIBI'C
CP=A=PorB=PorC=Pforany Qls ABand C of R.

Note 2.5: A PQI of a TGSRR is a WPQI of R. Converse need not be true. This can be observed in the following
example:

Ex. 2.6: Let R =I' = M2(Z\N), a TGSR of 2" order square matrices over Z\N. Let X = {[8 8] ‘a €

0

30(Z\N)}.  Then X is WPQI of R. But X is not PQI of R, since P = {[g g] ra € 2(2\N)}, Q:{[g 0

3(2\N)}, = {[g g ra € 5(Z\N)} are QIs of R such that PFQI'S € X.ButP & X,Q € X and S & X.

J-ae

Th. 2.7: If the QlIs of TGSR R forms a chain with respect to set inclusion, then each WPQI is a PQI.

Pf.: Let B be a WPQI of R. LetP, Q and S be Qlsof R 3 PTQI'S € B. Suppose P £ B, Q< BandS £ B. By
the given data, B < P, B € Q and B < S. Since B is weakly prime, we have P=BorQ =B or S=B, a
contradiction. Therefore, P S Bor Q € B or S € B. Hence B isa PQIl of R.

Prop. 2.8: Suppose R, a TGSR and a in R. Then the principal quasi-ideal generated by a is given by <a>q =
{[al'RTR N (Rral'R+RI'RT'al'RI'R) N RCRTa]+ma: me{1, 3,5, ....} }.

Pf.: For the proof of Prop.2.8, see the reference [13, Theorems 3.12, 4.12, 5.12]
Prop. 2.9: If B is a prime, then B is a either left or medial or right ideal of R, where R is a TGSR.
Pf.: Given B is a PQI of R. We have (BIRIR)['(RI'BI'R + RIRI'BI'RI'R)I'(RICRI'B) € BIRTRN(RI'BI'R +

RIRIBIRI'R) NRI'RI'BESB. Since, B is prime, we have BTRTR S B or RI[BIR +RI'RI'BI'RI'R S B or
RIRTB < B.Thus, B is a right or medial or left ideal of R.
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Prop.2.10: Suppose R, a TGSR and B, a QI of R. Then B is prime & [(XIRI'R \ (R['XI'R + RTRI'XI'RTR) \
RIRI'X)+ mx]['[(yTRTR \ (RTyI'R + RI'RI'YI'RIR) \ RIRIY)+my] I'[(zFTRI'R \ (RI'zI'R + RIRIZ['RIR) \
RIRI'z)+mz] € B= x eBory eB or z €B.

Pf.: Suppose B is a PQI of R and let [(xI'RTR \ (RTXI'R + RTRTXI'RI'R) \ RTRT'x)+mx] I'[(yTRTR \ (RTYI'R +
RTRTYIRITR) \ RTRTY)+my] T [(zIRIR \ (RTzI'R + RTRTzI'RTR) \ R[RI'z)+mz]< B for some X, y, z €R.
Clearly, [XTRIR \ (RTXI'R + RTRIXI'RTR) RTRI'x)+mx], [(yTRI'R \ (RTYI'R + RTRTYTI'RTR) \ RTRIY)+my]
and [(z[RTR \ (RT'zI'R + RTRI'zI'RI'R) \ RTRI'z)+mz]< B are Qls of R. Since B is prime, we have [(XTRI'R \
(RTxTR + RTRIXI'RIR) \ RIRI'x)+mx] €B or [(YTRTR \ (R[YI'R + RI'RIYIRIR) \ RIT'RTy)+my] B
or[(z'RTR \ (RFz'R + RIRIZI'RTR) \ RIRIz)+mz]<B. If {XTRTR \ (RIxI'R + RIRIX'RTR) \
RIRI'x}+mx € B, =<x >,&B=> x € B. Using the same procedure, it is easy to prove y € B or z € B.Obviously
converse part is true.

Th.2.11: Suppose R, a TGSR. Then the following are equivalent:
(i) The Qls of R is an idempotent.

(i) P\(Q\S)SPTQI'Swhenever P, Q, S are Qls of R 3 P\(Q\S)# @.
(iif) <a>q = Cube of [<a>q] = [<a>g]['[<a>g]['[<a>¢]V a€R.

Pf.: To show (I)=(I1) Let P,Q and S are QIs of R such that P\ (Q\ S)# @. It is easy to show that P\ (Q\ S) is a QI
of R. Since every QI of R is an idempotent, therefore P\ (Q\ S) = Cube of {P\ (Q\ S)}={P\ (Q\ S)}I'{P\ (Q\
S)I{P\ (Q\ S)}=PTQIS.

(1) =(111) is obviously evident.

(111 =(1) is plainly evident.

Def. 2.12: A set @ #XS R, where R is a TGSR, is called an mg-system if for every a, b, ¢ €X3 a1€<a>,,
b1e<b>q and c1€<c>¢3 a1abifci€X, for a, BE T.

Def. 2.13: Aset @ # X S R, where Risa TGSR, is said to bean ng-system if for every b in X, 3 by, b2, bs€ <b>,
such that byabofbs€ X, for a, p € T.

Note 2.14: For every mq-system = ng-system. But, ng-system # mg-system.

Ex. 2.15: Let R = ' = Z; be the TGSR w.r.t. addition modulo 6 and multiplication modulo 6. Let X =
{(=2),(=3)}. Then X is an ng-system but not mq-system.

Th. 2.16: Suppose R, a TGSR& Q, a QI of R. We prove the following
(i) B isa PQI<=R\ B is an mg-system.
(ii) B is a SPQI<R \ B is an ng-system.

Pf.: (i) Suppose that B is a PQI of R. Let a, b, ceR\ B. Letajabifci€ R\ B,V ai€<a>q, b1€<b>q,c1€<Cc>q and a,
Be T =<a>I'<b>I'<c>,EB.Since B is a PQI of R, .a€B or beB or ceB. It’s wrong. Hence aiobifci€ R\ B
for some a;€<a>q, b1€<b>q,c1E<Cc>q and o, B€ I'.Conversely, let P,Q and S be Qls of R such that PTQI'SS B.
Assumethat PZB,Q¥%B and SZB. Let a €P\ B, b €Q\ B and c €S\ B. Then, a, b, ceER\ B. Since R\ B is an mg-
system, therefore aiabifci€ R\B  for someai€<a>g,  bie<b>qci€<c>y and o, Pel. But
arobifcie<a>qI'<b>(I'<c>,< PTQI'SS B. This is false. Hence, P B or Q< B or S SB.Similarly, it is easy to
prove(ii) also.

Def. 2.17: A QIB of a TGSRR is R-prime if XTRTYyIRTz € B=x €BoryeBorz e B. A QIB of a TGSRR is
called R-semi-prime if XTRIXI'RI'Xx SB= X €B.

Th. 2.18: KITMI'L €cB=KcB or M SB or L B for any right ideal K, lateral ideal M and left ideal L of R& B
is R-prime when B is a Ql of TGSR R.

Pf.: Let B be a R-prime QI of R and KI'MTI'L SB. Let us suppose KZB and MZB= 3 x € K\B and y EM\B.
Let z eL. Implies xI'RTYI'RI'z cKTRI'MI'RT'L €KI'MTI'L €B. Since B is R-prime we have x eB or y €B or z
€EB. x ¢B and vy ¢B= z €B= L cB. Reversely, let us suppose XI'R['YyI'RI'z < B.Consider
(XIFRTR)I'(RTYI'R) I'(RTRTY) xXI'RTYI'RI'z €B. Since XI'RTR is a right ideal, RI['YyI'R is a lateral ideal and
RI'RI'z is a left ideal, then by the given data, XTRTREB or RI'yTREB or RI'RI'z €B. If XTRI'REB, then
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xI'xI'x eEXITRITREB.Now<x>T'<x>n'<x> = (mx + XTRTR)['(mx + RIX'R + RTRIXITRIR)I'(mx + RIRIX) ©
xI'x'x + XITRI'REB.By the given data, <x>SB or <x>m<S B or <x>< B. Thus, x €B. In the same way, if
RIYTREB = y €B and if RTRI'z €B= z €B.If these cases are also similar a line saying the same to be
mentioned. Hence B is R-prime.

Notation 2.19:LetB be a QI of a TGSR R. We have to define the following:
M(B) = {x € B: R['xI'R + RTRI'x'RI'R < B}

L(B) = {x €B: RIRI'x € B}

R(B) = {x €B: x'RTR cB}

IL={y €L(B): yTRIRcL(B)}

mim = {y EM(B): RT'YI'R + R[RI'YTRIREM(B)}

Ir = {y €R(B): RTRTy €R(B)}

Prop. 2.20: Let B be a QI of a TGSRR. Then L(B)(resp. M(B),R(B)) is a left (resp. lateral, right) ideal of RSB
if L(B)(resp. M(B),R(B)) is nonempty.

Pf.: Suppose b €L(B) andai, a,€ R. Then ajoa2fb € RTRI'b € B. Now RI'Rl'ail'a,I'b € RTRI'b € B. Thus, we
have aiaa;pb €L(B). Consequently RITRT'L(B) SL(B). So, L(B) is a left ideal of R. Using the same procedure, to
prove that M(B) is a lateral ideal and K(B) is aright ideal of R.

Prop.2.21:AssumeB, a QI of a TGSRR. If @ #1_ (resp. rl,mlm) then I (resp. rl,mlm) is the largest ideal of REB.
Moreover I.=rl= mlm.

Pf.: Let bel.. Then I_.€ L(B) €B=beL(B) and beB. That is RTRI'b<B. Then RI['RTa;l'a,I'b € RTRI'b < B for
some ai, a2€ER=ajoaypb € L(B). Since L(B) is a left ideal of R (Prop. 2.19) and bIRTRcL(B), we
getaiaaPbI’RI'R € RIRTL(B) SL(B). Thus aiaazpb € I.. That is RTRTI.SI.. Hence I_ is a left ideal of R.
Similarly, we can show that I, is a right ideal and a lateral ideal of R. Thus, I_ is an ideal of REB.Let | be any
ideal of REB. Then RI'RI'l €1 €B= 1 cL(B). Now ITRTRESICSL(B)= | Sl.. Hence I is the largest ideal of
R< Q. Using the same argument; we can prove that rl and mlwm are the largest ideals of RS B. Since,l.,rl and
mlm are the largest ideals of RS B, therefore, I =rl =mlm.

Notation2.22: we denote I1(B) =rl = I =mlm.

Prop. 2.23: Every Ql is a Pl of R, when B be a R-prime QI of a TGSRR.

Pf.: Given B is a R-prime QI of R. Suppose KI'MT'L <I(B) for any ideals K, M, L of R. Now I(B) S L(B) <
B=KI'MrI'L SB. Since B is R-prime, we have KEB or M €B or L © B (by Theorem 2.19). Also, I(B)<B and
is the greatest ideal = K < I1(B) or M € I(B) or L < I(B). Hence, I(B)is a Pl of R.

Cor. 2.24: I(B) is a semi-prime ideal of R, when B is a SPQI of a TGSR R.

Prop. 2.25: If B is R-semi-prime then B is a QI of R, when B be a Bi-ideal of a TGSR R.

Pf.: Let x €(BITRTR)N(RTBIR+RTRI'BIRITR)N(RTRIB). Then x € (BIRI'R),xe (RTBI'R+RIRITBI'RI'R) and
x €(RCRTB).

Then, xaRPxyRdx €(BIRI'R)I'RT(RTRI'BI'RIR)IRI(RIRI'B) € BIRTBI'RI'B SB. Since B is R-semi-prime,
we get x €B. Consequently, (BTRTR)N(RI'BI'R+RTRITBIRI'R)N (RICRI'B) €B. Hence B is a QI of R.

Prop. 2.27: If a TGSRR is regular, then every QI of R is R-semi prime.

Pf.: Suppose R is regular and B be a QI of R. Let alRI'al’'RT'acB for a €R. Since R is regular, therefore for a €

Rax,yER, a, B,y 6 € Tsuch that a = aaxBayyda. Thus, a = aoxpfayydéa € alRTal'RT'a € B=a€B. Hence B is
R-semi prime.
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